Abstract. We relate intrinsic and extrinsic curvature invariants to the homology groups of submanifolds in space forms of nonnegative curvature. More precisely, we provide bounds for the squared length of the second fundamental form, or the Ricci curvature in terms of the mean curvature, which force homology to vanish in a range of intermediate dimensions. Moreover, we give examples which show that these conditions are sharp.
Introduction
It has been a fascinating problem to find out to what extent several restrictions on curvatures of a Riemannian manifold M yield information on the topology of M. The same question can be raised from the point of view of submanifold geometry. Namely, it should be interesting to know how the topology of submanifolds of space forms is affected by conditions on intrinsic and extrinsic curvature invariants.
The aim of this paper is to study this question for submanifolds in space forms of nonnegative curvature. Lawson and Simons [4] showed that bounds on the second fundamental form for submanifolds of spheres imply vanishing of homology groups. We recall that Lawson and Simons did this by using the second variation of area to rule out stable minimal currents in certain dimensions. Since one can minimize area in a homology class, this trivializes integral homology. However, the precise bounds in [4, Theorem 4] are technical and hard to understand geometrically. Realizing this, those authors proved that their bounds follow from a simpler absolute bound on the length of the second fundamental form.
In the present paper we provide bounds for the length of the second fundamental form or the Ricci curvature in terms of the mean curvature, for submanifolds in space forms of nonnegative curvature, which force homology to vanish in a range of intermediate dimensions. The choice of these bounds is inspired by the standard immersion of the torus S k (r) × S n−k (s) into the unit sphere S n+1 , where S k (r) denotes the k-dimensional sphere of radius r < 1 and
, with respect to some unit normal vector field, is given by A = s r I k ⊕ − r s I n−k , where I k and I n−k denote the identity transformations on the tangent bundles of S k (r) and S n−k (s) , respectively. The principal curvatures are s/r of multiplicity k and −r/s of multiplicity n − k, and consequently the mean curvature H and the squared length S of the second fundamental form are given, respectively, by
By a straightforward computation, we find that
Substituting this into the above formula for S, and carrying out a tedious computation, we see that the squared length of the second fundamental form of
where the sign + or − is chosen according to
This example served as the motivation for our homology vanishing results. The main idea is to show that for submanifolds in space forms of nonnegative curvature c ≥ 0 one can get the bounds in [4] from bounds on the squared length S of the second fundamental form of the form S < a(n, k, | − → H |, c), or from bounds on the Ricci curvature of the form Ric
This can force homology to vanish even in the presence of arbitrary large length of the second fundamental form. Obviously, the absolute bound for the length of the second fundamental form in [4] cannot do that. Specifically, we prove the following results. 
.
Shiohama and Xu [5] proved a topological sphere theorem under the condition S < a(n, 1, | − → H |, c). Corollary 1 sharpens their result since it can be easily checked that a(n,
, and equality holds if and only if n = 3 or − → H = 0. It is worth noticing that all hyperspheres and all H(r)-tori S 1 (r)×S
n . Furthermore, Wallach [8] constructed a minimal immersion of an n-dimensional complex projective space CP n of constant holomorphic curvature 2n/(n + 1) into the sphere S n(n+2)−1 which satisfies 
where k is an integer such that
n is simply connected. 
and n is even. Then either M n is homeomorphic to S n or M n is simply connected, 
and the Weingarten formula
where the (1,1) tensor field A ξ is the shape operator associated with a normal vector field ξ, and D is the connection in the normal bundle of M n . It is well known that
where {e 1 , ..., e n } is a local orthonormal frame field in the tangent bundle of M n , or equivalently
where {e n+1 , ..., e n+m } is a local orthonormal frame field in the normal bundle of M n and A α denotes the shape operator associated with e α . The squared length S of the second fundamental form is defined by
Moreover, the Ricci curvature in the direction of a unit tangent vector X of M n is given by
The main tool for the proofs is the following result due to Lawson and Simons for the nonexistence of stable currents. In fact, the following theorem was proved in [4] for c > 0. The proof for c = 0 is similar and was given by Xin [9] . The vanishing of the homology groups below follows from the existence theorems of Federer and Fleming [2] which assert that for any compact Riemannian manifold M n , any nontrivial integral homology class in H i (M n ; Z) corresponds to a stable integral current. 
Proofs
We need the following algebraic lemma for the proof of Theorem 1. 
Proof. We apply the Lagrange multiplier method to find the maximum of the function
x j subject to the constraints
We consider the function
where λ and µ are the Lagrange multipliers. Differentiating with respect to the variables x i , 1 ≤ i ≤ p, and x j , p + 1 ≤ j ≤ n, we obtain the following system for the critical points:
In the case where µ = 0, from (3.1), (3.3) and (3.4) we get the critical value f = −σ 
from which we find
and consequently we obtain the two critical values
for f. It is easy to verify that the bigger of all critical values is
This completes the proof. Appealing to Lemma 1, we obtain
and
Using these inequalities and bearing in mind that
Now we suppose that 1 < p < n − 1. We claim that pq ≥ n. In fact, this is trivial for n = 4, while for n > 4 it is enough to see that t(n − t) ≥ n for all 2 ≤ t ≤ n − 2. Then on account of pq ≥ n, the above inequality yields
2|B(e i , e j )| 2 − B(e i , e i ), B(e j , e j )
A direct computation shows that condition (1.1) is equivalent to
where C(n, k, | − → H |, c) is given by
We now consider the polynomial
Since C(n, k, | − → H |, c) is the positive root of P (t) = 0, inequality S − n| − → H | 2 <
